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Parametric excitation of Alfvén waves by gravitational radiation
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We consider the parametric excitation of Alfve´n waves by gravitational radiation propagating on a
Minkowski background, parallel to an external magnetic field. As a starting point, standard ideal magnetohy-
drodynamics equations incorporating the curvature of space-time has been derived. The growth rate of the
Alfvén waves has been calculated, using the normal-mode approach. Various astrophysical applications of our
investigations are discussed, and finally we demonstrate that the coupling coefficients of the interacting modes
fulfill the Manley-Rowe relations.

PACS number~s!: 52.35.Mw, 04.30.Nk, 52.60.1h
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I. INTRODUCTION

Interaction of electromagnetic fields with gravitational r
diation has been studied by several authors@1–19#. Besides a
purely theoretical interest in such phenomena, there a
number of different applications. For example, in astroph
ics @1–5#, in cosmology@6#, and under laboratory condition
@7–10#, where—in the later case—the goal is to find suita
mechanisms to detect gravitational radiation. Furtherm
there are many examples of gravitational wave interac
that may take place in plasmas. This has been studied du
the 1980’s by a group at the Kazan School of gravitation~see
for example@1,10,11# and references therein! and more re-
cently by Refs.@4,12,13#, and@14#.

In Ref. @12# it was shown that parametric excitation
high-frequencyplasma waves by gravitational radiation m
take place. Due to the frequency matching conditions, h
ever, the plasma must be very thin for that process to
possible, and the amount of energy transfer is therefore
ited. In the present paper we will thus consider parame
excitation of low-frequency magnetohydrodynamics~MHD!
waves by gravitational waves, which—in contrast—may ta
place in a comparatively dense plasma. The relevance of
problem for the conversion of gravitational wave energy
the plasma inside supernovas has previously been discu
by Ref.@14#. However, due to the complexity of the physic
situation, a highly idealized model will be studied, where
one-dimensional monochromatic gravitational wave
superimposed on a flat background metric—propaga
through a homogeneous two component plasma.

The organization of the paper is as follows: In Sec.
idealized MHD equations incorporating the effects of t
gravitational wave are derived, starting from covaria
two-fluid equations. In Sec. III parametric excitation of she
Alfvén and magnetosonic waves are considered, the t
wave coupling coefficients are derived, and the growth rat
found. By adding a phenomenological resistivity to the eq
tions, the threshold value of the gravitational amplitude
also calculated. Finally, in Sec. IV, our results are summ
rized and theoretical considerations like energy conserva
properties and the fulfillment of Manley-Rowe relations,
well as possible applications, are discussed.
PRE 621063-651X/2000/62~6!/8493~8!/$15.00
a
-

e
e,
n
ng

-
e
-

ic

e
is

sed

s

I

t
r
ee
is
-

s
-
n

s

II. RELATIVISTIC MHD EQUATIONS

In order to obtain general relativistic fluid equations go
erning a plasma we begin by considering a system consis
of a charged perfect fluid and an electromagnetic field@20#.
Introducing the restframe scalar quantities: mass density~or
rather energy density times 1/c2) r (m) , charge densityr (q) ,
pressurep, and the 4-velocity field~or fluid velocity! um

[dxm/dt and 4-current densityj m[r (q)u
m, wheret is the

proper time andxm coordinates in the laboratory frame, th
system is characterized by having the energy-momen
tensorTmn5T( f l )

mn 1T(em)
mn , where

T( f l )
mn [S r (m)1

p

c2D umun2pgmn,

T(em)
mn [

1

m0
S FmtFt

n2
1

4
gmnFtsFstD ,

and Fmn is the electromagnetic field tensor satisfying Ma
well’s equations

Fmn
;n52m0 j m, ~1!

Fmn;s1Fns;m1Fsm;n50 ~2!

We have adopted the convention that Greek suffi
m,n, . . . have the range 0,1,2,3 andi , j , . . . have the range
1,2,3, and the metric tensorgmn has the signature~1 - - -!.

The conservation laws of the system follows from that t
4-divergence of the energy-momentum tensor vanishes,
Tmn

;m50, and with the use of Maxwell’s equations one ge

~r (m)u
m! ;m1

p

c2
um

;m50 ~3!

S r (m)1
p

c2D umun
;m5S gmn2

1

c2
umunD p,m1Fn

m j m, ~4!

where Eq.~3! is obtained by projection along the 4-veloci
um. This equation is identified as energy balance in the r
frame of matter and gives the equation of continuity~mass
8493 ©2000 The American Physical Society
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conservation! in the nonrelativistic limit. Equation~4! gives
for n50 the energy balance@modulo of the content of Eq
~3!, i.e., energy balance in the nonrelativistic limit# and for
n51,2,3 momentum balance.

Under the conditions of low internal energy the fluid d
scription of a plasma can be simplified by putting, for ea
particle species of the plasma,r (m)5mn, where n is the
restframe particle density andm is the particle mass. Also
without these restrictions we may putr (q)5qn, whereq is
the particle charge. Suppose we have a plasma consi
of two species of particles oppositely charged~i.e., q1 /q2
521), but, in general, with distinct masses. For each s
cies we assign a fluid satisfying Eqs.~3! and ~4!. The fluids
are assumed interpenetrating and interacting through
electromagnetic field and, in general, the gravitational fie
We neglect the effect of particle collisions. If we assum
nonrelativistic pressure, i.e. such thatmn@p/c2, and nonrel-
ativistic fluid velocities—in the sense that we may negl
quadratic terms in 1/c in the nÞ0 components of Eq.~4!—
then we have, for each of the two fluids, equations for c
servation of particles~or mass! and momentum in the form

~num! ;m50,

mnumu;m
i 5gi j p, j1Fi

mqnum.

Maxwell’s equations remain the same if we letj m be the total
current density.

Under the conditions that for both species] t;v!vc and
CA

2!c2, this two-fluid description can be cast into a set
single-fluid equations. By] t;v we mean that a characteris
tic frequencyv, can be assigned to the time variations
the dynamical quantities@21#. We usevc[uquB/m for the
cyclotron frequency,B is the magnetic-field intensity~which
can be obtained from the Lorentz frame components
the electromagnetic field tensor! andCA is the Alfvén veloc-
ity, defined byCA

25B2/m0mn. Under the above condition
it follows that the two fluid velocities are approximate
equal and that the particle densities may be regarded
exactly equal. Furthermore, we let the equation of state
the one of isothermal compression and assumeuumui

;mu
!uFi

0qnu0u/mn}uFi
jqnuj u/mn ~meaning that the electric

and magnetic forces approximately balance each other!. In
light of this, we obtain the following set of single-fluid equ
tions ~MHD equations!

~num! ;m50, ~5!

~m(1)1m(2)!numui
;m5gi j p, j1Fi

m j m, ~6!

Fi
mum52

1

nq(1)
gi j S m(2)p(1),j2m(1)p(2),j

m(1)1m(2)
D , ~7!

p,i5kBTn,i . ~8!

Equations~5! and~6! are obtained by adding the two-partic
conservation equations and the two equations of momen
balance, respectively, and setting the velocities equal~when
added!, letting j be the total current density,p the total pres-
sure, andT[T(1)1T(2) . The suffixes(1) and (2) refers to
the two distinct particle species. By subtracting the t
h
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equations of momentum conservation, where the te
umuu

;m have been neglected, one finds Eq.~7!, which we
refer to as the generalized Ohm’s law.

Note that if the right-hand side of Eq.~7! is negligible as
compared toFı

0u0 and Fı
ju

j , this equation simply reads
Fi

mum50 and we can then refer to the single-fluid equatio
as the ideal MHD equations. In the following we limit ou
selves to this case. Note that the MHD equations are
independent of Maxwell’s and Einstein’s field equation
since we used Maxwell’s equations andTmn

;m50, that fol-
lows from Einstein’s equations, in deriving them.

We now consider gravitational radiation on a Minkows
background treating the plasma as a test fluid. Thus,
plasma backscattering effect on the gravitational field is lo
The gravitational radiation is chosen to be weak gravitatio
waves in the transverse traceless gauge propagating in thx3

direction. This plane-wave solution of the linearized Einste
field equations can be written

ds25c2dt22~12h1!dx22~11h1!dy212h3dxdy2dz2,

where h[h̃eikmxm
1c.c. and uh̃u!1 with the wave vector

@km#5(v/c,0,0,k) satisfying the dispersion relationkmkm
50. In all the following calculations we neglect terms th
are quadratic inh̃ or higher. The metric tensor can thus b
written asgmn5hmn1hmn , wherehmn is the metric tensor
of Minkowski space andhmn represents the small,uhmnu
!1, fluctuation in the gravitational field.

The nonzero Christoffel symbols are then calculated t

G1
0152G2

025G0
1152G0

2252G1
13

5G2
235G3

1152G3
225

1

2
ḣ1 ,

G1
025G2

0152G1
2352G2

135G3
125G0

125
1

2
ḣ3 ,

whereḣ[]h/]j andj[x32x0.
By expanding the covariant derivative, Eq.~5! becomes

(num) ,m50 as a result ofGm
nmun50 and—noting thatgmn

5hmn2hmn to first order, such thatgi j 52d i j 2hi j —Eq. ~6!
reads

mnumui
,m1Gi52d i j p, j2hi j p, j1Fi

m j m, ~9!

where we have introducedGi5mnG i
nmunum and m5m(1)

1m(2) .
Next, we perform the same expansion in Maxwell’s equ

tions and rewrite them in terms of the electromagnetic fi
tensor in the formFm

n . The idea is to express all field tenso
terms in the same form, preferably the one that gives
most simple expressions. We can separateFmn

;n52m0 j m

into two equations. Settingm50 we obtain a Poisson-like
equation, which we discard—since in the MHD regimej 0

'0. Settingm5 i , we read off Ampere’s law,

d jkFi
k, j5m0 j i2~hj nFi

n! , j1G i
t jg

j nFt
n1G j

t jg
tnFi

n
~10!
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From Eq. ~2!, which by symmetry inFmn is equivalent to
Fmn,s1Fns,m1Fsm,n50, we obtain a number of trivia
identities, a generalized equation for“•B and ‘‘Faraday’s
law:’’

F3
0,22F0

2,31F2
3,05~h3F3

12h1F3
2! ,0 ,

2F3
0,11F0

1,32F1
3,052~h1F3

11h3F3
2! ,0 ,

F2
0,12F0

1,21F1
2,05~h1F2

11h3F2
2! ,01~h3F0

12h1F0
2! ,1 .

For notational purposes it is convenient to introduce an
stract basis$x̂,ŷ,ẑ%. The one-fluid equations and the Ma
well’s equations above can then be written in a vector r
resentation with an algebraic structure identical to
Euclidean. We define

x[xx̂1yŷ1zẑ[x1x̂1x2ŷ1x3ẑ,

v[vxx̂1vyŷ1vzẑ[u1x̂1u2ŷ1u3ẑ,

j[ j xx̂1 j yŷ1 j zẑ[ j 1x̂1 j 2ŷ1 j 3ẑ,

E[Exx̂1Eyŷ1Ezẑ[cF0
1x̂1cF0

2ŷ1cF0
3ẑ,

B[Bxx̂1Byŷ1Bzẑ[F2
3x̂1F3

1ŷ1F1
2ẑ,

“[]xx̂1]yŷ1]zẑ[
]

]x1
x̂1

]

]x2
ŷ1

]

]x3
ẑ.

~Note that these quantities differ to first order inh̃ from what
an observer in the lab system would measure.! One then
obtains the following set of equations governing the plas

mn@] tv1~v•“ !v#5 j3B2“p1g, ~11!

E1v3B50, ~12!

] tn1¹•~nv!50, ~13!

“p5kBT“n, ~14!

“3B5m0j1 jE , ~15!

­tB1“3E5ÀjB , ~16!

where

g52G1gpressure1gem-coupling

G52mnF ~vz2c!~ ḣ1vx1ḣ3vy!,

~vz2c!~ ḣ3vx2ḣ1vy!,

2
1

2
ḣ1~vx

22vy
2!1ḣ3vxvyG ,

gpressure52@h1]xp1h3]yp,h3]xp2h1]yp,0#,

gem-coupling5@2h3Bzj x2~h1By2h3Bx! j z ,

2h1Bzj x1h3Bzj y ,2~h1Bx1h3By! j y#,
-

-
e

a

jE[@]y~h1Bz!1]z~h1By2h3Bx!,

2]x~h1Bz!,2]x~h1By2h3By!#,

jB[@] t~h1Bx1h3By!,0,2] t~h1Bz!#.

We want to point out that terms of the orderEḣ3 /c in jE
have been neglected, sinceE/B is of the orderCA in ideal
MHD theory. Furthermore, note thatcF1

0ÞcF0
1[Ex , etc.,

which is the origin of some of the terms appearing in t
expressions forgem-coupling, jE , and jB . In addition to Eqs.
~11!–~16! Maxwell’s equations produce constraints~e.g., for
“•B!, however it is easy to verify that these constraints
propagated by the equations of time evolutions~11!, ~13!,
and ~16!.

III. WAVE-WAVE INTERACTIONS

From now on we will consider resonant three-wave int
action between gravitational radiation and MHD wave
Such processes may occur whenever quadratic nonli
terms, such as the right-hand sides of Eqs.~11!–~16!, are
present, and the dispersion relations of the interacting wa
allow for the frequency and wave-vector matching con
tions to be fulfilled. For a general review of resonant thre
wave interaction in plasmas, see e.g., Ref.@22#.

In the absence of any waves we assume to have the
figuration of a static homogeneous,n5n(0), magnetized,B
5B(0), plasma in Minkowski space. Cartesian coordina
are chosen@xm5(ct,x,y,z)# for a frame in which the veloc-
ity field ~and the current-density field! vanishes. The gravi-
tational waves are then inferred as small perturbations to
Minkowski background, as in the previous section, and
MHD waves as the existence of the small fluctuatio
n(1),v(1),j (1),E(1),B(1). Furthermore, in order to simplify the
algebra, we make the assumptions that the direction ofB(0)

is everywhere parallel to the direction of propagation of t
gravitational waves, i.e.,B(0)5B(0)ẑ, and that the gravita-
tional radiation is polarized such thath150.

A. Linear calculations

It is instructive to first investigate the linearized theory
some detail. Linearizing the Eqs.~11!–~16! in the variables
h3 ,n(1),v(1),j (1),E(1),B(1) we find that the gravitationa
waves do not drive plasma perturbations linearly. This i
consequence of the direction of propagation of the grav
tional wave~parallel to the magnetic field! that was chosen
Similarly the linear plasma perturbations are the ordin
MHD modes. Fourier analyzing, we obtain the dispers
relations for the shear Alfve´n wave

DA[v22CA
2kz

250, ~17!

and for the fast and slow magnetosonic wave

Dm[v42v2k2~CS
21CA

2 !1kz
2k2CS

2CA
250. ~18!

The constants introduced are the Alfve´n velocity CA
2

[B(0)2/mn(0)m0 , the thermal velocityCS
2[kBT/m, and we

have used the notationk5kxx̂1kzẑ together withk5uku. In
the next section we will consider superposition of MHD
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waves, and by expressing all variables in terms of the fl
velocity we can represent the solution as a sum of eigen
tors

S n(1)

v(1)

j (1)

E(1)

B(1)

D 5(
a S uan(0)

va
(1)

iua

m0
ka3B(0)2

isa

m0
ka3va

(1)

B(0)3va
(1)

uaB(0)2sava
(1)

D ,

~19!

whereua[ka•va
(1)/va , sa[kazB

(0)/va , anda is a wave-
mode index.

As we intend to study nonlinear wave coupling it is co
venient to adopt the normal-mode method of approach@22#,
which typically simplifies the algebra in the nonlinear sta
of the calculations. We define a normal mode as a lin
combination,aa , of the dynamical quantities that to linea
order satisfies

] taa1 ivaaa50. ~20!

The dynamical quantities are now only assumed to have
monic spatial dependence, i.e.,¹5 ika . From Eq.~20! the
proper linear combinations are

aA5vy
(1)2

vA

kAzB
(0)

By
(1) ~21!

for the Alfvén mode, and

am5n(1)1xvx
(1)1

n(0)kmz

vm
vz

(1)

2
kmzCA

2x

B(0)vm

Bx
(1)1

kmxCA
2x

B(0)vm

Bz
(1) ~22!

for the magnetosonic modes, with the frequency-wave nu
ber pairs (vA ,kA) and (vm ,km) satisfying the dispersion
relationsDA50 andDm50, respectively. The constantx is
defined asx[n0(vm

2 2CS
2kmz

2)/CS
2kmxvm . With aid of the

corresponding eigenvectors and the relationvz
(1)

5vx
(1)CS

2kmxkmz/(vm
2 2CS

2km
2

x) we can, after some algebra
manipulations, write the normal modes as

aA52vy
(1)5

1

vA

]DA

]vA
vy

(1), ~23!

am5
n(0)

vm
2 CS

2km
2

x

]Dm

]vm
vx

(1) . ~24!

For the nonlinear calculation we need the eigenvectors
pressed in terms of the normal modes, and the final lin
results are
d
c-

r

r-

-

x-
ar

S n(1)

v(1)

j (1)

E(1)

B(1)

D
A

5aA1
0

S 0,
1

2
,0D

S iB (0)kA
2

z

2vAm0
,0,2

iB (0)kAxkAz

2vAm0
D

S 2
B(0)

2
,0,0D

S 0,2
B(0)kAz

2vA
,0D

2
~25!

and

S n(1)

v(1)

j (1)

E(1)

B(1)

D
m

5amcm1
11

CS
2km

2
z

vm
2 2CS

2km
2

z

S z,0,z
CS

2kmxkmz

vm
2 2CS

2km
2

z
D

S 0,2
iB (0)km

2

n(0)kmxm0

,0D
S 0,

vmB(0)

n(0)kmx

,0D
S 2

kmzB
(0)

n(0)kmx

,0,
B(0)

n(0) D
2 ,

~26!

where cm[vm
2 CS

2km
2

x/2(vm
4 2km

2 km
2

zCA
2CS

2) and
z[vm /n(0)kmx .

B. Nonlinear Calculations

The aim of this section is to investigate the lowest-ord
nonlinear influence of the gravitational radiation on t
MHD modes described above. In particular we are interes
in the threshold value~for parametric excitation! of the
gravitational amplitude, and the growth rates of the exci
MHD waves. We will again assume that the wave vect
lies in axz plane, i.e.,k5kxx̂1kzẑ for the MHD waves, but
in contrast to the case of linear wave modes this is a res
tion made in order to simplify the algebra@23#.

We consider coherent three-wave interactions, the th
waves being one gravitational wave and two MHD wav
with the matching conditions

vg5v I1v II , ~27!

kg5kI1kII , ~28!

whereI and II are indexing the MHD waves. In the nonlin
ear regime the normal modes no longer satisfy Eq.~20!, but
rather

] taa1 ivaaa5~@] taa#n.l.!ka
,

where n.l. denotes~first-order! nonlinear terms and the suffi
ka indicates that terms not oscillating aseik•x vanishes due
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to rapid oscillations. Explicit forms for the right-hand side
found by using the original expressions for the norm
modes—Eqs.~21! or ~22!—together with Eqs.~11!–~16!.

We let indexI denote the magnetosonic wave perturb
tion, index II the Alfvén wave perturbation, and we use
complex representation~i.e., letting f→ f 1 f * for all vari-
ables, where the star denotes complex conjugate!. Making
use of the linear eigenvectors~25! and ~ 26! as approxima-
tions in the nonlinear right-hand sides, we obtain t
coupled-mode equations

] taI1 iv IaI5CIaII* h3 , ~29!

] taII 1 iv II aII 5CII aI* h3 , ~30!

after lengthy but straightforward algebra, where the coupl
coefficients are@24#

CI52
i

2

n0kxI

v I
22CA

2kI
2
v Ivg , ~31!

CII 52
i

2

1

n0

v I
2CS

2kxI

~v I
42CS

2CA
2kI

2kzI
2 !

v II vg , ~32!

In deriving the expressions forCI and CII we have also
appliedkI'2kII , which follows from the matching condi
tion ~28! together withCA!c and the dispersion relations.

From Eqs.~31! and ~32! one may get the incorrect im
pression that the coupling strength diverges in the limitCS

2

→0. Thus in order to shed some light on our formulas in
cold limit, we first renormalize

aI→CS
2aI ,

CI→CS
2CI ,

CII →CII /CS
2 ,

and then take the limitCS
2→0. The corresponding couplin

coefficients then become

CI52
i

2

n0v I

kxI
vg , ~33!

CII 52
i

2

kxIv II

n0v I
2

vg . ~34!

Another special case of particular interest is the limit of p
allel propagation~but with arbitrary ratioCS

2/CA
2), in which

case the magnetosonic dispersion relation coincides with
of the shear Alfve´n wave, and the only distinction betwee
the modes is the polarization, which differ by 90 deg. Aga
the general coupling coefficient~31! seems to diverge, sinc
from the magnetosonic dispersion relationv I

22CA
2kI

2;kxI
2

whenkxI
2 →0. However, by using another renormalization

aI→aI /x,

CI→CI /x,
l

-

e

g

e

-

at

CII →xCII ,

and taking the limitkIx ,kIIx→0, we obtain

CI5CII 52
i

2
vg . ~35!

Since dissipation of the waves have not been included in
model, the instability threshold value of the gravitational a
plitude found from Eqs.~29! and ~30! is so far zero. How-
ever, since only weak dissipation is of interest we can ta
such effects into account by simply substituting] taa→(] t
1ga)aa in the coupled-mode equations@25#, wherega is
the linear damping rate of the modea. The most common
damping mechanism of MHD waves is that due to fin
resistivity. Calculating the linear damping by replacing E
~12! with E1v3B5h j , whereh is the resistivity, we find
ga5hka

2/m0. Next we introduce the~weakly time depen-
dent! normal-mode amplitudes,Aa , defined by aa
5Aae2 ivat, wherea5I ,II . Substituting these expression
into Eqs.~29! and~30! and taking the damping into accoun
we find the general form for the condition of paramet
growth of wavesuh̃3u.hthr[(g Ig II /CICII* )1/2 @22#, where

h̃3 is the amplitude of the gravitational wave andhthr is the
threshold value for parametric excitation. In the limit of pa
allel propagation we find from Eq.~35! that the threshold
valuehthr reduces to

uh̃3u.hthr'
4g I ,II

vg
5

hvg

m0CA
2

. ~36!

Furthermore, if the gravitational amplitude is well abo
threshold (uh̃3u@hthr) the general expression for the par
metric growth rate G rom Eqs. ~29! and ~30! is G

'ACICII* uh̃3u @22#, and the result for the special case
parallel propagation is

G'
1

2
vguh̃3u . ~37!

It should be pointed out that in addition to the wave intera
tions considered above, we have found zero coupling coe
cients for a number of cases. To be specific, for the sa
polarization of the gravitational pump wave (h150), and
propagation parallel to the external magnetic field, the f
lowing combinations of MHD wavescannot be excited in
the resonant three-wave approximation, since the coup
coefficient then becomes zero:~1! two ion-acoustic~or slow
magnetosonic! modes,~2! one ion-acoustic and one Alfve´n
wave, and~3! two Alfvén waves with the same linear pola
ization.

Note that for the case of nonzero coupling conside
above, the Alfve´n waves have perpendicular polarizations
the parallel limit. The coupling between the differently p
larized modes then results from the quadratic nonlinear te
proportional toḣ3vyx̂ andḣ3vxŷ in Eq. ~11!, and from simi-
lar cross terms in Eq.~16! that couple the two different po
larizations throughh3 . The dependence of the results on t
various polarizations for parallel propagation can be phy
cally understood as follows: For the MHD waves to ga
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energy from the gravitational wave, the MHD waves must
able to reduce the gravitational wave amplitude. Includ
the source term in the wave equation for the gravitatio
wave, we immediately see that it is only the componentTxy
of the energy-momentum tensor that may affect the grav
tional wave with h3 polarization. However, for the thre
‘‘null cases’’ listed above, it is trivial to see thatTxy vanishes
~within the quadratic MHD approximation!, and thus the
gravitational wave is unaffected by the presence of s
waves. From energy conservation@26# it is thus clear that the
corresponding coupling must disappear. For perpendic
polarization of the Alfve´n waves, on the other hand,Txy
5mn0vxvy2BxBy /m0Þ0, and thus the gravitational ampl
tude is affected by such a combination of waves and in
cordance with this we have found the coupling to be n
zero.

IV. SUMMARY AND DISCUSSION

We have considered parametric excitation of Alfv´n
waves by gravitational radiation propagating parallel to
external magnetic field. As a starting point, standard id
MHD equations~i.e., without special relativistic effects! in-
corporating the curvature of space time have been derive
should be pointed out that the system of Eqs.~5!–~8! in
principle can be used in situations where we have str
deviation from Minkowski space-time, although the con
tion of nonrelativistic fluid velocities then limits the applica
bility. Focusing on the case where the metric is that o
small amplitude monochromatic gravitational wave super
posed on flat space-time, the growth rate for nonlinea
coupled shear Alfve´n and fast magnetosonic waves ha
been found.

In our calculations we have considered a monochrom
gravitational pump wave, which could be produced by bin
systems. As seen from Eq.~37! @or more generally from Eqs
~31! and~32! which applies for arbitrary directions of propa
gations @27##, the growth rate is roughly of the orderG
;h3vg . Thus the plasma parametersn0 , B0, andT do not
significantly influence the growth rate, at least not as long
the assumptions of the derivation are fulfilled. It is not ha
to find a plasma fulfilling these assumptions, e.g., choos
n0;1014 m23 @28# and considering waves with frequenc
v&104 rad s21, B0 may attain any value roughly in th
interval 102521 T for the estimateG;h3vg to apply,
where the limits of the interval comes from the conditio
v! vc and CA

2!c2, respectively. Furthermore, the cond
tion CS

2!c2 still allows for comparatively high plasma tem
peratures, since it is obviously fulfilled provided the therm
velocities of the particles are much smaller than the spee
light. As for the source of gravitational radiation we follo
Ref. @12# and consider a binary system of two equal mas
m53M ( separated by a distance of six Schwarzschild ra
r 512Gm/c2 emitting gravitational radiation with frequenc
of the ordervg'104 rad/s. By considering two point masse
separated by a fixed distancer, the amplitudeh̃3 at a dis-
tance R from the system is estimated to giveh̃3

;Gmr2vg
2/(2c4R) . Also in the case of Ref.@12#, which

considered parametric excitation of high-frequency plas
waves, the growth rate fulfilledG;h3vg , implying the
e
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growth rateG;1022 s21 at a distance of 1/60 a.u. from th
source, where a process at a closer distance was ruled o
the frequency matching conditions combined with the line
dispersion relations. In our case the linear dispersion r
tions and matching conditions allow a parametric proc
closer to the source, and thereby opens up the possibility
a higher growth rate, although too close to the source
background plasma may be too inhomogeneous and too
from steady state for our calculations to be applicable.

Furthermore, excitation of MHD waves may take place
a dense plasma, and therefore processes such as super
are of interest, where gravitational wave absorption may t
place inside the exploding star. In a discussion of poss
mechanisms of absorbing gravitational wave energy in
pernovas, Ref.@14# has written ‘‘Since the effect of accel
eration by gravitational waves is independent of mass of
charge, both the ions and the electron respond in an iden
manner, which is not the case for electromagnetic wav
This means that waves such as Alfve´n waves, which describe
oscillation of charge neutral plasmas, are ideal. The c
pling, however, is weak.’’ At the present stage of unde
standing it is too early to deduce whether significant gra
tational wave absorption by MHD waves may occu
Calculations taking into account the effects of a broadba
gravitational spectrum, plasma inhomogeneities, etc., m
first be performed. In particular, inhomogeneity scale leng
with a scale length significantly shorter than the wavelen
of the gravitational mode—such as at the plasma bound
of the supernova—may lead to excitation of MHD surfa
waves with a significantly enhanced growth rate as compa
to the present homogeneous plasma coupling mechan
This is in analogy with parametric excitation scenarios
high-frequency plasma surface waves@29#, where the surface
waves may have a considerably higher growth rate than
corresponding bulk waves, provided the inhomogeneity sc
length is considerably shorter than the wavelength of
pump wave. Such a problem, however, is a project for fut
work.

An interesting question from a theoretical point of view
whether the coupling coefficientsCI andCII of Eqs.~31! and
~32! satisfy the Manley-Rowe relations@22#. Generally such
relations follow from an underlaying Hamiltonian structu
of the governing equations, and assures that each of the
cay products takes energy from the pump wave in dir
proportion to their respective frequencies. This means
the parametric process can be interpreted quantum mech
cally, i.e., we can think of a three-wave process as the de
of a pump-wave quanta with energy\vg into wave quantas
with energy\v I and\v II , respectively. An interesting con
sequence is that generally a lot of three-wave decay p
cesses are forbidden from the start by the Manley–Ro
relations~for example, the decay of a plasmon into two ph
tons!, since they imply that we only get a positive grow
rate when the pump wave has the highest frequency, in c
sistence with the quantum picture@30#. It should be pointed
out that all well-established basic systems of equations
plasma physics such as the ideal MHD equations,
Vlasov-Maxwell equations, and the standard multifluid equ
tions, all possess the underlaying Hamiltonian structure
leads to fulfillment of the Manley-Rowe relations for thre
wave interaction processes@31#. However, since the theory
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of gravitation differs in important respects from other fund
mental theories of physics, it is an open question whether
Manley-Rowe relations applies also when one of the in
acting modes is a gravitational wave. To investigate this
sue we consider the energy increase rate of mode I. M
plying Eq.~29! with vxI* mkI

2Cs
2(v I2kzI

2 CA
2)/v IkxI and using

the eigenvectors~25! and ~26! we find

]WI

]t
5v IV, ~38!

whereV52 Im@mn0vgh3vxI* vyII* /v I # and the magnetosoni
wave energy density is

WI5mn0kI
2~v I2kzI

2 CA
2 !~]Dm /]v I !uvxIu2/2kxI

2 v I

~cf. Eq. ~20! in Ref. @32#!. Similarly, multiplying Eq. ~30!
with mn0vyII* , and applying Eqs.~25! and ~26! we obtain

]WII

]t
5v II V, ~39!

where WII 5mn0uvyII u2 ~cf. Eq. ~13! in Ref. @32#!. Up to
now, we have treated the gravitational wave as a pump w
i.e., we have only considered the initial stage of an instabi
where the energy density of the daughter waves are s
enough for the influence on the gravitational wave to
neglected. For a practical purpose this regime may ap
until nonlinear saturation mechanisms~outside our calcula-
,
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D
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e
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ti-
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y
all
e
ly

tion scheme! sets in for the growing MHD waves, unless th
plasma is extremely dense. From a theoretical point of vi
however, it is of interest to consider the decrease in
gravitational wave amplitude due to the growth of the MH
perturbations. Including the energy-momentum source te
in the wave equation for the gravitational wave, i.e., us
hhmn522kTmn[216pGTmn /c4, keeping only the reso-
nantly varying part ofTmn ~i.e., the part proportional to
exp@i(kgz2vgt)#) and lettingh125h̃3(t)exp@i(kgz2vgt)#
1c.c., we immediately obtain

ivg

]h̃3

]t
5k~T12!kg

5kFmn0vxIvyII2
BxIByII

m0
G , ~40!

which, after using the eigenvectors~25! and ~26! and multi-
plying with vgh̃3* can be written

]Wg

]t
52vgV, ~41!

whereWg5vg
2uh̃3u2/2k is the energy density of the gravita

tional wave @33#. Since the same factorV appears in Eqs
~38!, ~39!, and ~41!, the Manley–Rowe relations are indee
fulfilled ~i.e., each mode changes energy in direct proport
to its frequency!, and furthermore we see that the total wa
energyW5WI1WII 1Wg is conserved, which follows from
Eqs.~38!, ~39!, and~41! together with the frequency match
ing condition~27!.
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